
!"#$"% & ’$($)&*

2 10 !"#$$

1. (a) +,-.&"$ /01&2$3"#0 4$1%5 6),2$)&- 7,’,8$"’, a, 7’& /,9.08 &6 /0"0’%5 :’,#)$)&$ (a2+
a+ 1)x2 + (7a+ 2)x+ (a→ 1) = 0 &8$$" .#, /0’)*, 0.&) &6 /0"0’%5 ;01<($ 2, , .’:=0- >
8$)<($ 2.

!"#$": 4.

%$&$’($. !"#$"%&$’ $"())*+*,-. /0* x
2 /"%"1*.,%,- /0* %23"4 5-67,-** a, ." ’#%"8*, 5696-

7* 068-"#*%&-" ."4’, 7." ’$656--6: )’-$+*: 8 ."7$, x = 2 /0*-*46,. ".0*+6.,%&-", 5-67,-*,.
;,<6: -,068,-#.8", /"%’76,4, 7." a ↑ (→19→

↑
249

8 ; →19+
↑
249

8 ). = 96--"4 /0"4,1’.$, %,1*. 4 +,%>?
7*#%6.

(b) +,-.&"$ /01&2$3"#0 4$1%5 6),2$)&- 7,’,8$"’, a, 7’& /,9.08 &6 /0"0’%5 :’,#)$)&$ (a2→
a+ 1)x2 + (8a→ 1)x+ (2a+ 1) = 0 &8$$" .#, /0’)*, 0.&) &6 /0"0’%5 ;01<($ 2, , .’:=0- >
8$)<($ 2.

!"#$": 3.

(c) +,-.&"$ /01&2$3"#0 4$1%5 6),2$)&- 7,’,8$"’, a, 7’& /,9.08 &6 /0"0’%5 :’,#)$)&$ (a2→
a+1)x2 + (10a→ 3)x+ (a→ 1) = 0 &8$$" .#, /0’)*, 0.&) &6 /0"0’%5 ;01<($ 3, , .’:=0- >
8$)<($ 3.

!"#$": 3.

(d) +,-.&"$ /01&2$3"#0 4$1%5 6),2$)&- 7,’,8$"’, a, 7’& /,9.08 &6 /0"0’%5 :’,#)$)&$ (a2+
a+1)x2+(11a+2)x+(3a+1) = 0 &8$$" .#, /0’)*, 0.&) &6 /0"0’%5 ;01<($ 3, , .’:=0- >
8$)<($ 3.

!"#$": 4.

2. (a) +,-.&"$ ),&;01<($$ ),":’,1<)0$ k ",/0$, 2"0 2&310 3002700 → 32700 .$1&"3* ), 3k.

!"#$": 2705.

%$&$’($. 3002700 → 32700 = 32700(102700 → 1)(102700 + 1). @*#%" 102700 → 1 9,%*.#: -6 3. !"(."4’
7*#%" 102700 + 1 = (102700 → 1) + 2 -6 3 -, 9,%*.#:. A,#:.*7-6: #.,/,-& 7*#%6 102700 → 1 #"#."*.
*5 2700 9,8:."$. B#%* ,C" 0659,%*.& -6 9, 4> /"%’7*4 7*#%" *5 2700 ,9*-*+, $"."0", 9,%*.#: -6
27, -" -, 9,%*.#: -6 81. !"(."4’ 7*#%" 102700 → 1 9,%*.#: -6 35, -" -, 9,%*.#: -6 36. !"(."4’
-6*3"%&<,, /"9?"9:D,, k = 2700 + 5 = 2705.

(b) +,-.&"$ ),&;01<($$ ),":’,1<)0$ k ",/0$, 2"0 2&310 30027027 → 327027 .$1&"3* ), 3k.

!"#$": 27032.

(c) +,-.&"$ ),&;01<($$ ),":’,1<)0$ k ",/0$, 2"0 2&310 3005400 → 35400 .$1&"3* ), 3k.

!"#$": 5405.

(d) +,-.&"$ ),&;01<($$ ),":’,1<)0$ k ",/0$, 2"0 2&310 30054054 → 354054 .$1&"3* ), 3k.

!"#$": 54059.

3. (a) ?,(, 7&($" # ’*. /’$3"&/& & )01&/& > #3$=0 1000 3&8#010#. !/,6,103<, 2"0 /01&2$3"#0
3&8#010# 8$9.: 1@;%8& .#:8* )01&/,8& 0"1&2)0 0" 12. A,/0$ ),&;01<($$ /01&2$3"#0
)01&/0# 80=1, ),7&3,"< ?,(,?

!"#$": 506.
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%$&$’($. ;65"3&,4 #*48"%> -6 +,/"7$* #*48"%"8, *9’D*? 7,0,5 12: 1-E, 14-E, 27-E, . . ., 2-E, 15-
E, . . . * .. 9. F6$*4 "3065"4 4> /"%’7*4 13 +,/"7,$. !"#$"%&$’ 1000 = 76 · 13+ 12, ’ -6# 3’9,. 12
+,/"7,$ *5 77 #*48"%"8 * "9-6 *5 76 #*48"%"8. = $619"E +,/"7$, -"%*$* -, 4"C’. #.":.& 0:9"4.
!"(."4’ 8 %23"E +,/"7$, 9%*-> 77 *? -6*3"%&<,, $"%*7,#.8" 068-" 39, 6 8 +,/"7$, 9%*-> 76
*? -6*3"%&<,, $"%*7,#.8" 068-" 38. =#,C" /"%’7*.#: 39 · 12 + 38 = 506 -"%*$"8.

(b) ?,(, 7&($" # ’*. /’$3"&/& & )01&/& > #3$=0 1000 3&8#010#. !/,6,103<, 2"0 /01&2$3"#0
3&8#010# 8$9.: 1@;%8& .#:8* )01&/,8& 0"1&2)0 0" 10. A,/0$ ),&;01<($$ /01&2$3"#0
)01&/0# 80=1, ),7&3,"< ?,(,?

!"#$": 505.

(c) ?,(, 7&($" # ’*. /’$3"&/& & )01&/& > #3$=0 1200 3&8#010#. !/,6,103<, 2"0 /01&2$3"#0
3&8#010# 8$9.: 1@;%8& .#:8* )01&/,8& 0"1&2)0 0" 12. A,/0$ ),&;01<($$ /01&2$3"#0
)01&/0# 80=1, ),7&3,"< ?,(,?

!"#$": 602.

(d) ?,(, 7&($" # ’*. /’$3"&/& & )01&/& > #3$=0 1300 3&8#010#. !/,6,103<, 2"0 /01&2$3"#0
3&8#010# 8$9.: 1@;%8& .#:8* )01&/,8& 0"1&2)0 0" 10. A,/0$ ),&;01<($$ /01&2$3"#0
)01&/0# 80=1, ),7&3,"< ?,(,?

!"#$": 651.

4. (a) E&31, a, b, c :.0#1$"#0’*@" ’,#$)3"#:

10
)︃
a3(b→ c) + b3(c→ a) + c3(a→ b)

[︃
= a2(b→ c) + b2(c→ a) + c2(a→ b),

7’&2F8 0;$ 2,3"& ’,#$)3"#, )$):1$#%$. +,-.&"$ ),&;01<($$ #06809)0$ 6),2$)&$ 3:88%
S = a+ b+ c.

!"#$": 0,1.

%$&$’($. G64,.*4, 7."

a
3(b→ c) + b

3(c→ a) + c
3(a→ b) = (a+ b+ c)

)︃
a
2(b→ c) + b

2(c→ a) + c
2(a→ b)

[︃
,

/"(."4’ a+ b+ c = 0,1.

(b) E&31, a, b, c :.0#1$"#0’*@" ’,#$)3"#:

a3(b→ c) + b3(c→ a) + c3(a→ b) = 17
)︃
a2(b→ c) + b2(c→ a) + c2(a→ b)

[︃
,

7’&2F8 0;$ 2,3"& ’,#$)3"#, )$):1$#%$. +,-.&"$ ),&;01<($$ #06809)0$ 6),2$)&$ 3:88%
S = a+ b+ c.

!"#$": 17.

(c) E&31, a, b, c :.0#1$"#0’*@" ’,#$)3"#:

20
)︃
a3(b→ c) + b3(c→ a) + c3(a→ b)

[︃
= a2(b→ c) + b2(c→ a) + c2(a→ b),

7’&2F8 0;$ 2,3"& ’,#$)3"#, )$):1$#%$. +,-.&"$ ),&;01<($$ #06809)0$ 6),2$)&$ 3:88%
S = a+ b+ c.

!"#$": 0,05.

(d) E&31, a, b, c :.0#1$"#0’*@" ’,#$)3"#:

a3(b→ c) + b3(c→ a) + c3(a→ b) = 26
)︃
a2(b→ c) + b2(c→ a) + c2(a→ b)

[︃
,
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7’&2F8 0;$ 2,3"& ’,#$)3"#, )$):1$#%$. +,-.&"$ ),&;01<($$ #06809)0$ 6),2$)&$ 3:88%
S = a+ b+ c.

!"#$": 26.

5. (a) +, 3"0’0),5 7,’,11$10=’,88, ABCD 0"8$2$)% "02/& E, F , G & H & 30$.&)$)% 0"’$6/,8&
.’:= 3 .’:=08 & 3 #$’(&),8& 7,’,11$10=’,88,, /,/ 70/,6,)0 ), ’&3:)/$. G01:2$))%$ #
’$6:1<","$ ’,6;&$)&* 7,’,11$10=’,88, 8)0=0:=01<)&/& ’,3/’,3&1& # (,58,")08 70’*.-
/$. H1* #3$5 2,3"$-, 6,/’,($))%5 3$’%8 4#$"08, /’08$ 0.)0-, G$"* 0"8$"&1 ), ’&3:)/$
&5 710I,.& y1, . . . , y6. +,-.&"$ 710I,.< y7 03",#($-3* 3$’0- 2,3"&.

y4
y6

x2

x1

y7

x4

y5

x3

y3

y2
y1

C

A

B

D

F

E

G

H

%$&$’($. H’446 /%"D69,E SAFE + SEGD 068-6 /"%"8*-, /%"D69* /606%%,%"C06446. BE 1,
068-6 * #’446 /%"D69,E SBCH + SADH . I.#296

x1 + y7 + x4 + x2 + y5 + x3 = y1 + x1 + y2 + x2 + y3 + y4 + x3 + y6 + x4 ↓

↓ y7 + y5 = y1 + y2 + y3 + y4 + y6 ↔ y7 = y1 + y2 + y3 + y4 + y6 → y5.

(b) +, 3"0’0),5 7,’,11$10=’,88, ABCD 0"8$2$)% "02/& E, F , G & H & 30$.&)$)% 0"’$6/,8&
.’:= 3 .’:=08 & 3 #$’(&),8& 7,’,11$10=’,88,, /,/ 70/,6,)0 ), ’&3:)/$. G01:2$))%$ #
’$6:1<","$ ’,6;&$)&* 7,’,11$10=’,88, 8)0=0:=01<)&/& ’,3/’,3&1& # (,58,")08 70’*.-
/$. G$"* 0"8$"&1 ), ’&3:)/$ 0/’:=1F))%$ )* )$+,"-. 710I,.& #3$5 2,3"$-, 6,/’,($))%5
3$’%8 4#$"08, /’08$ 0.)0-. +,-.&"$ 710I,.< x 03",#($-3* 3$’0- 2,3"&, 0/’:=1F)):@ )*
/$0*1* 2(+03.

28,4

87,1

32,1

42,2

13,0

82,1

x

C

A

B

D

F

E

G

H

!"#$": 228.

(c) +, 3"0’0),5 7,’,11$10=’,88, ABCD 0"8$2$)% "02/& E, F , G & H & 30$.&)$)% 0"’$6/,8&
.’:= 3 .’:=08 & 3 #$’(&),8& 7,’,11$10=’,88,, /,/ 70/,6,)0 ), ’&3:)/$. G01:2$))%$ #
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’$6:1<","$ ’,6;&$)&* 7,’,11$10=’,88, 8)0=0:=01<)&/& ’,3/’,3&1& # (,58,")08 70’*.-
/$. G$"* 0"8$"&1 ), ’&3:)/$ 0/’:=1F))%$ )* )$+,"-. 710I,.& #3$5 2,3"$-, 6,/’,($))%5
3$’%8 4#$"08, /’08$ 0.)0-. +,-.&"$ 710I,.< x 03",#($-3* 3$’0- 2,3"&, 0/’:=1F)):@ )*
/$0*1* 2(+03.

53,2

193,4

14,9

44,1

34,2
93,0

x

C

A

B

D

F

E

G

H

!"#$": 46.

(d) +, 3"0’0),5 7,’,11$10=’,88, ABCD 0"8$2$)% "02/& E, F , G & H & 30$.&)$)% 0"’$6/,8&
.’:= 3 .’:=08 & 3 #$’(&),8& 7,’,11$10=’,88,, /,/ 70/,6,)0 ), ’&3:)/$. G01:2$))%$ #
’$6:1<","$ ’,6;&$)&* 7,’,11$10=’,88, 8)0=0:=01<)&/& ’,3/’,3&1& # (,58,")08 70’*.-
/$. G$"* 0"8$"&1 ), ’&3:)/$ 0/’:=1F))%$ )* )$+,"-. 710I,.& #3$5 2,3"$-, 6,/’,($))%5
3$’%8 4#$"08, /’08$ 0.)0-. +,-.&"$ 710I,.< x 03",#($-3* 3$’0- 2,3"&, 0/’:=1F)):@ )*
/$0*1* 2(+03.

x

193,6

34,9

42,1

95,7

48,2

55,0

C

A

B

D

F

E

G

H

!"#$": 14.

(e) +, 3"0’0),5 7,’,11$10=’,88, ABCD 0"8$2$)% "02/& E, F , G & H & 30$.&)$)% 0"’$6/,8&
.’:= 3 .’:=08 & 3 #$’(&),8& 7,’,11$10=’,88,, /,/ 70/,6,)0 ), ’&3:)/$. G01:2$))%$ #
’$6:1<","$ ’,6;&$)&* 7,’,11$10=’,88, 8)0=0:=01<)&/& ’,3/’,3&1& # (,58,")08 70’*.-
/$. G$"* 0"8$"&1 ), ’&3:)/$ 0/’:=1F))%$ )* )$+,"-. 710I,.& #3$5 2,3"$-, 6,/’,($))%5
3$’%8 4#$"08, /’08$ 0.)0-. +,-.&"$ 710I,.< x 03",#($-3* 3$’0- 2,3"&, 0/’:=1F)):@ )*
/$0*1* 2(+03.
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x

265,6

10,0
26,0

175,8

48,5

91,3

C

A

B

D

F

E

G

H

!"#$": 11.

6. (a) J,338,"’&#,@" #3$ )$7:3"%$ 70.8)09$3"#, 8)09$3"#, T = {1, 2, ..., 100}. H1* /,9.0=0
&6 )&5 #%2&31*@" 3’$.)$$ ,’&K8$"&2$3/0$ #3$5 2&3$1 L"0=0 70.8)09$3"#,. G:3"< A >
3’$.)$$ ,’&K8$"&2$3/0$ #3$5 3’$.)&5 ,’&K8$"&2$3/&5, #%2&31$))%5 .1* 70.8)09$3"#,
30.$’9,I&5 2&310 40, , B > ,),10=&2),* #$1&2&), .1* #3$5 70.8)09$3"#, 30.$’9,I&5
2&310 61. +,-.&"$ 3:88: A+B.

!"#$": 101.

%$&$’($. H"/"#.68*4 $619"4’ /"94-"1,#.8’ {a1, a2, . . . , am} ($0"4, {1, 2, . . . , 100}) /"94-"-
1,#.8" {101 → a1, 101 → a2, . . . , 101 → am} (-,$"."0>4 /"94-"1,#.864 3’9,. #"/"#.68%,-" "-" 1,
#64"). J65"8,4 986 #"/"#.68%,-->? 90’C 90’C’ /"94-"1,#.86 !"#$%. H’446 #0,9-*? 5-67,-*E 8
%23"E .6$"E /60, 068-6 101. A%: $619"C" *5 4-"1,#.8, #0,9-,, $"."0"C" ’76#.8’,. 8 8>7*#%,-**
8,%*7*-> A, 8."0", 4-"1,#.8" *5 /60> ’76#.8’,. 8 8>061,-** 9%: B, * -6"3"0".. !"(."4’ 8
#’44, A+B $6196: /606 4-"1,#.8 ’$656--"C" 8*96 96K. 8$%69 101. I.4,.*4 .6$1,, 7." 4-"1,-
#.8" {1, 2, . . . , 100} *4,,. #0,9-,, 101/2, * ’7*.>86,.#: 8 "3,*? 8,%*7*-6? A * B. !"(."4’ #’446
A+B 068-6 101.

(b) J,338,"’&#,@" #3$ )$7:3"%$ 70.8)09$3"#, 8)09$3"#, T = {1, 2, ..., 200}. H1* /,9.0=0
&6 )&5 #%2&31*@" 3’$.)$$ ,’&K8$"&2$3/0$ #3$5 2&3$1 L"0=0 70.8)09$3"#,. G:3"< A >
3’$.)$$ ,’&K8$"&2$3/0$ #3$5 3’$.)&5 ,’&K8$"&2$3/&5, #%2&31$))%5 .1* 70.8)09$3"#,
30.$’9,I&5 2&310 45, , B > ,),10=&2),* #$1&2&), .1* #3$5 70.8)09$3"#, 30.$’9,I&5
2&310 156. +,-.&"$ 3:88: A+B.

!"#$": 201.

(c) J,338,"’&#,@" #3$ )$7:3"%$ 70.8)09$3"#, 8)09$3"#, T = {1, 2, ..., 300}. H1* /,9.0=0
&6 )&5 #%2&31*@" 3’$.)$$ ,’&K8$"&2$3/0$ #3$5 2&3$1 L"0=0 70.8)09$3"#,. G:3"< A >
3’$.)$$ ,’&K8$"&2$3/0$ #3$5 3’$.)&5 ,’&K8$"&2$3/&5, #%2&31$))%5 .1* 70.8)09$3"#,
30.$’9,I&5 2&310 102, , B > ,),10=&2),* #$1&2&), .1* #3$5 70.8)09$3"#, 30.$’9,I&5
2&310 199. +,-.&"$ 3:88: A+B.

!"#$": 301.

(d) J,338,"’&#,@" #3$ )$7:3"%$ 70.8)09$3"#, 8)09$3"#, T = {1, 2, ..., 500}. H1* /,9.0=0
&6 )&5 #%2&31*@" 3’$.)$$ ,’&K8$"&2$3/0$ #3$5 2&3$1 L"0=0 70.8)09$3"#,. G:3"< A >
3’$.)$$ ,’&K8$"&2$3/0$ #3$5 3’$.)&5 ,’&K8$"&2$3/&5, #%2&31$))%5 .1* 70.8)09$3"#,
30.$’9,I&5 2&310 161, , B > ,),10=&2),* #$1&2&), .1* #3$5 70.8)09$3"#, 30.$’9,I&5
2&310 340. +,-.&"$ 3:88: A+B.

!"#$": 501.
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7. (a) E$"%’F5:=01<)&/ ABCD #7&3,) # 0/’:9)03"< 𝜔, , $=0 .&,=0),1< AC > ;&33$/"’&3, :=1,
BAD. +,-.&"$ ’,.&:3 0/’:9)03"& 𝜔, $31& AB =

↑
2
2 , AC = 3

2 , AD = 5
2
↑
2
. !"#$" 0/’:=1&"$

.0 "’$"<$=0 6),/, 7031$ 6,7*"0-.

!"#$": 0,885.

%$&$’($. !’#.& AB = a, AC = b, AD = c, BC = x, ↭ADC = 𝜔. L*##,$.0*#6 AC 9,%*. 9’C’
BD /"/"%64, /"(."4’ CD = BC = x. !" .,"0,4, $"#*-’#"8 9%: .0,’C"%&-*$"8 ABC * ADC

]︃
b
2 = a

2 + x
2 → 2ax cos(𝜀 → 𝜔),

b
2 = c

2 + x
2 → 2cx cos𝜔

↗↔
]︃
x =

↘
b2 → ac,

cos𝜔 = c→a

2
↑
b2→ac

.

!" .,"0,4, #*-’#"8 9%: .0,’C"%&-*$6 ADC *#$"4>E 069*’# 068,-

b

2 sin𝜔
=

b

2
↘
1→ cos2 𝜔

=
b
↘
b2 → ac⌊︃

4b2 → (a+ c)2
= 3

⌋︃
2

23
.

(b) E$"%’F5:=01<)&/ ABCD #7&3,) # 0/’:9)03"< 𝜔, , $=0 .&,=0),1< AC > ;&33$/"’&3, :=1,
BAD. +,-.&"$ ’,.&:3 0/’:9)03"& 𝜔, $31& AB =

↘
2, AC = 2, AD = 3↑

2
. !"#$" 0/’:=1&"$

.0 "’$"<$=0 6),/, 7031$ 6,7*"0-.

!"#$": 1,069.

(c) E$"%’F5:=01<)&/ ABCD #7&3,) # 0/’:9)03"< 𝜔, , $=0 .&,=0),1< AC > ;&33$/"’&3, :=1,
BAD. +,-.&"$ ’,.&:3 0/’:9)03"& 𝜔, $31& AB =

↘
2, AC = 4, AD = 7↑

2
. !"#$" 0/’:=1&"$

.0 "’$"<$=0 6),/, 7031$ 6,7*"0-.

!"#$": 2,475.

(d) E$"%’F5:=01<)&/ ABCD #7&3,) # 0/’:9)03"< 𝜔, , $=0 .&,=0),1< AC > ;&33$/"’&3, :=1,
BAD. +,-.&"$ ’,.&:3 0/’:9)03"& 𝜔, $31& AB = 3

↘
2, AC = 5, AD = 3↑

2
. !"#$" 0/’:=1&"$

.0 "’$"<$=0 6),/, 7031$ 6,7*"0-.

!"#$": 2,593.

8. (a) M "$2$)&$ 2N .)$- G$"* 71,)&’:$" =0"0#&"<3* / L/6,8$),8 70 N ’,61&2)%8 7’$.8$",8,
3’$.& /0"0’%5 $3"< 8,"$8,"&/,, K&6&/, & &)K0’8,"&/,. A /,9.08: &6 L/6,8$)0# 0) ;:.$"
=0"0#&"<3* ’0#)0 .#, .)*, 7’&2F8 )& / 8,"$8,"&/$, )& / K&6&/$, )& / &)K0’8,"&/$ 0) )$
502$" =0"0#&"<3* .#, .)* 70.’*., , /,9.%- .$)< 0) =0"0#&"3* "01</0 / 0.)08: 7’$.8$":.
N/01</&8& 37030;,8& G$"* 809$" #%;’,"< 70’*.0/, # /0"0’08 0) ;:.$" =0"0#&"<3* /
L/6,8$),8?

%$&$’($. =#,C" #/"#"3"8 8>306.& /"0:9"$ /"9C"."8$*
(2N)!

2N
. F0,3’,4", $"%*7,#.8" #/"#"3"8

8>7*#%*4 /" )"04’%, 8$%27,-*E * *#$%27,-*E: #/"#"3"8, 8 $"."0>? 986 9-: /"90:9 *9K. /"9C"-

."8$6 $ 46.,46.*$,, 8#,C"
(2N → 1)!

2N→1
; .,?, C9, /" 986 9-: /"90:9 *9K. /"9C"."8$6 * $ 46.,46.*$,,

* $ )*5*$, M 8#,C"
(2N → 2)!

2N→2
; -6$"-,+, .,?, C9, $" 8#,4 .0K4 8>306-->4 /0,94,.64 "- C"."8*.#:

/" 986 9-: /"90:9, 8#,C"
(2N → 3)!

2N→3
. !"(."4’ ".8,.

(2N)!

2N
→ C

1
3 · (2N → 1)!

2N→1
+ C

2
3 · (2N → 2)!

2N→2
→ C

3
3 · (2N → 3)!

2N→3
.

(b) M "$2$)&$ 10 .)$- G$"* 71,)&’:$" =0"0#&"<3* / L/6,8$),8 70 5 ’,61&2)%8 7’$.8$",8,
3’$.& /0"0’%5 $3"< 8,"$8,"&/,, K&6&/, & &)K0’8,"&/,. A /,9.08: &6 L/6,8$)0# 0) ;:.$"
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=0"0#&"<3* ’0#)0 .#, .)*, 7’&2F8 )& / 8,"$8,"&/$, )& / K&6&/$, )& / &)K0’8,"&/$ 0) )$
502$" =0"0#&"<3* .#, .)* 70.’*., , /,9.%- .$)< 0) =0"0#&"3* "01</0 / 0.)08: 7’$.8$":.
N/01</&8& 37030;,8& G$"* 809$" #%;’,"< 70’*.0/, # /0"0’08 0) ;:.$" =0"0#&"<3* /
L/6,8$),8?

!"#$": 59220.

(c) M "$2$)&$ 12 .)$- G$"* 71,)&’:$" =0"0#&"<3* / L/6,8$),8 70 6 ’,61&2)%8 7’$.8$",8,
3’$.& /0"0’%5 $3"< 8,"$8,"&/,, K&6&/, & &)K0’8,"&/,. A /,9.08: &6 L/6,8$)0# 0) ;:.$"
=0"0#&"<3* ’0#)0 .#, .)*, 7’&2F8 )& / 8,"$8,"&/$, )& / K&6&/$, )& / &)K0’8,"&/$ 0) )$
502$" =0"0#&"<3* .#, .)* 70.’*., , /,9.%- .$)< 0) =0"0#&"3* "01</0 / 0.)08: 7’$.8$":.
N/01</&8& 37030;,8& G$"* 809$" #%;’,"< 70’*.0/, # /0"0’08 0) ;:.$" =0"0#&"<3* /
L/6,8$),8?

!"#$": 4377240.

(d) M "$2$)&$ 14 .)$- G$"* 71,)&’:$" =0"0#&"<3* / L/6,8$),8 70 7 ’,61&2)%8 7’$.8$",8,
3’$.& /0"0’%5 $3"< 8,"$8,"&/,, K&6&/, & &)K0’8,"&/,. A /,9.08: &6 L/6,8$)0# 0) ;:.$"
=0"0#&"<3* ’0#)0 .#, .)*, 7’&2F8 )& / 8,"$8,"&/$, )& / K&6&/$, )& / &)K0’8,"&/$ 0) )$
502$" =0"0#&"<3* .#, .)* 70.’*., , /,9.%- .$)< 0) =0"0#&"3* "01</0 / 0.)08: 7’$.8$":.
N/01</&8& 37030;,8& G$"* 809$" #%;’,"< 70’*.0/, # /0"0’08 0) ;:.$" =0"0#&"<3* /
L/6,8$),8?

!"#$": 431600400.

(e) M "$2$)&$ 16 .)$- G$"* 71,)&’:$" =0"0#&"<3* / L/6,8$),8 70 8 ’,61&2)%8 7’$.8$",8,
3’$.& /0"0’%5 $3"< 8,"$8,"&/,, K&6&/, & &)K0’8,"&/,. A /,9.08: &6 L/6,8$)0# 0) ;:.$"
=0"0#&"<3* ’0#)0 .#, .)*, 7’&2F8 )& / 8,"$8,"&/$, )& / K&6&/$, )& / &)K0’8,"&/$ 0) )$
502$" =0"0#&"<3* .#, .)* 70.’*., , /,9.%- .$)< 0) =0"0#&"3* "01</0 / 0.)08: 7’$.8$":.
N/01</&8& 37030;,8& G$"* 809$" #%;’,"< 70’*.0/, # /0"0’08 0) ;:.$" =0"0#&"<3* /
L/6,8$),8?

!"#$": 54972918000.

9. (a) G031$.0#,"$1<)03"< xn ",/0#,, 2"0 x0 = 2, , .1* #3$5 4$1%5 )$0"’&4,"$1<)%5 n

xn+1

4n2 + 12n+ 10
=

xn

4n2 + 4n+ 2
→ 1.

+,-.&"$ x100.

!"#$": xn = (1→ n) · (4n2 + 4n+ 2), x100 = →3999798.

%$&$’($. !"#%, 564,-> yn =
xn

(2n+ 1)2 + 1
/"%’76,4 #"".-"<,-*, yn+1 = yn → 1, ".$’96 yn =

1→ n. F"C96 xn = (1→ n) · (4n2 + 4n+ 2).

(b) G031$.0#,"$1<)03"< xn ",/0#,, 2"0 x0 = 2, , .1* #3$5 4$1%5 )$0"’&4,"$1<)%5 n

xn+1

9n2 + 24n+ 17
=

xn

9n2 + 6n+ 2
→ 2.

+,-.&"$ x110.

!"#$": xn = (1→ 2n) · (9n2 + 6n+ 2), x110 = →23994078.

(c) G031$.0#,"$1<)03"< xn ",/0#,, 2"0 x0 = 2, , .1* #3$5 4$1%5 )$0"’&4,"$1<)%5 n

xn+1

16n2 + 40n+ 26
=

xn

16n2 + 8n+ 2
→ 1.
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+,-.&"$ x120.

!"#$": xn = (1→ n) · (16n2 + 8n+ 2), x120 = →27532078.

(d) G031$.0#,"$1<)03"< xn ",/0#,, 2"0 x0 = 2, , .1* #3$5 4$1%5 )$0"’&4,"$1<)%5 n
xn+1

25n2 + 60n+ 37
=

xn

25n2 + 10n+ 2
→ 2.

+,-.&"$ x130.

!"#$": xn = (1→ 2n) · (25n2 + 10n+ 2), x130 = →109764718.

10. (a) A#,.’," ABCD #7&3,) # 0/’:9)03"< 3 4$)"’08 O, "02/, M > 3$’$.&), $=0 3"0’0)% AB.
+, 2$’"$9$ 0"8$"&1& "02/& N & K. M%2&31&"$ 710I,.< /#,.’,", ABCD, $31& ’,33"0*)&$
OK = L.

K
N M

A D

C

O

B

!"#$":
18

5
L2.

%$&$’($. !’#.& x M #."0"-6 $86906.6. J6E9,4, 8 $6$"4 ".-"<,-** ."7$6 K 9,%*. #."0"-’

AB. !" .,"0,4, !*)6C"06 9%*-6 DM 068-6 x

↘
5

2
. F"C96 *5 068,-#.86 /0"*58,9,-*E ".0,5$"8

?"09 DM ·MN = AM ·MB =
x
2

4
#%,9’,., 7." MN =

x

2
↘
5
. F0,’C"%&-*$* NMK * NCD /"9"3->

# $"())*+*,-."4
1↑
5↘

5 + 1↑
5

=
1

6
, ".$’96 MK =

x

6
. N.6$, ."7$6 K 9,%*. #."0"-’ AB 8 ".-"<,-**

2 : 1, #7*.6: ". 8,0<*-> A. G6/*<,4 068,-#.8" /0"*58,9,-*: ".0,5$"8 ?"09 AB * CN :

AK ·KB =
x

3
· 2x
3

= R
2 →OK

2 =
x
2

2
→OK

2 ↔ OK
2 =

5

18
x
2
.

I.#296 /%"D69& $86906.6 068-6 x
2 =

18

5
OK

2.

(b) A#,.’," ABCD #7&3,) # 0/’:9)03"< 3 4$)"’08 O, "02/, M > 3$’$.&), $=0 3"0’0)% AB.
+, 2$’"$9$ 0"8$"&1& "02/& N & K. M%2&31&"$ 710I,.< /#,.’,", ABCD, $31& ’,33"0*)&$
OK = 5.

!"#$": 90.

(c) A#,.’," ABCD #7&3,) # 0/’:9)03"< 3 4$)"’08 O, "02/, M > 3$’$.&), $=0 3"0’0)% AB.
+, 2$’"$9$ 0"8$"&1& "02/& N & K. M%2&31&"$ 710I,.< /#,.’,", ABCD, $31& ’,33"0*)&$
OK = 15.

!"#$": 810.

(d) A#,.’," ABCD #7&3,) # 0/’:9)03"< 3 4$)"’08 O, "02/, M > 3$’$.&), $=0 3"0’0)% AB.
+, 2$’"$9$ 0"8$"&1& "02/& N & K. M%2&31&"$ 710I,.< /#,.’,", ABCD, $31& ’,33"0*)&$
OK = 45.

!"#$": 7290.
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(e) A#,.’," ABCD #7&3,) # 0/’:9)03"< 3 4$)"’08 O, "02/, M > 3$’$.&), $=0 3"0’0)% AB.
+, 2$’"$9$ 0"8$"&1& "02/& N & K. M%2&31&"$ 710I,.< /#,.’,", ABCD, $31& ’,33"0*)&$
OK = 25.

!"#$": 2250.
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