
!"#$"% & ’$($)&*

3 11 !"#$$

1. (a) +,’- #.,&/)0 1’02"%3 ),"-’,45)%3 6&2$4 a & b ),.0#$/ !"#"$%&’, $24& |a→b| < 5. 7,89&"$
:04&6$2"#0 .,;,#)%3 1,’ 6&2$4 (x, y) ",:&3, 6"0 60 ↭ x < y ↭ 160.

!"#$": 262.

%$&$’($. !"#$%&’( y → x )%*+’ ,-’( ."/$" 1, 2, 3 010 4.

2&10 ."#$%&’( ."/$" 1, ’% x 0 y /&+34" /#"0)$% 5.%&’-, 0 5%46%47806 5". 100.

2&10 ."#$%&’( ."/$" 2, ’% x 0 y /#"0)$% 5.%&’-, +&10 x 0 y $+9+’$-, 0 5%46%47806 5". 49.

2&10 ."#$%&’( ."/$" 3, ’% x 0 y /#"0)$% 5.%&’-, +&10 x 0 y $+ 4+17’&7 $" 3, 0 5%46%47806 5".
65.

2&10 ."#$%&’( ."/$" 4, ’% x 0 y /#"0)$% 5.%&’-, +&10 x 0 y $+9+’$-, 0 5%46%47806 5". 48.

:&+3% 5". ,;4+’ 100 + 49 + 65 + 48 = 262.

(b) +,’- #.,&/)0 1’02"%3 ),"-’,45)%3 6&2$4 a & b ),.0#$/ !"#"$%&’, $24& |a→b| < 5. 7,89&"$
:04&6$2"#0 .,;,#)%3 1,’ 6&2$4 (x, y) ",:&3, 6"0 75 ↭ x < y ↭ 190.

!"#$": 303.

(c) +,’- #.,&/)0 1’02"%3 ),"-’,45)%3 6&2$4 a & b ),.0#$/ !"#"$%&’, $24& |a→b| < 5. 7,89&"$
:04&6$2"#0 .,;,#)%3 1,’ 6&2$4 (x, y) ",:&3, 6"0 80 ↭ x < y ↭ 211.

!"#$": 346.

(d) +,’- #.,&/)0 1’02"%3 ),"-’,45)%3 6&2$4 a & b ),.0#$/ !"#"$%&’, $24& |a→b| < 5. 7,89&"$
:04&6$2"#0 .,;,#)%3 1,’ 6&2$4 (x, y) ",:&3, 6"0 92 ↭ x < y ↭ 170.

!"#$": 204.

2. (a) <,2* ),1&2,4 ), 902:$ #%’,=$)&$ 31+32+33+ . . .+100, 1024$ 6$>0 2"$’ &. )$>0 )$2:045:0
24,>,$/%3 (1’& )$0;309&/02"& #/$2"$ 2 &9-?&/& 1$’$9 )&/& .),:,/&). @),6$)&$ 104-6&#-
($>02* 1024$ #%6$’:&#,)&* 6&2$4 #%’,=$)&* 0:,.,4025 ’,#)0 4489. A:045:&/& 21020;,/&
<,2* /0> 2"$’$"5 6&24, 2 902:&?

!"#$": 19.

%$&$’($. <$"9+$0+ 0&6%4$%3% /-."*+$07 ."/$% 4585. =%>’%); $;*$% &’+.+’( $+&?%1(?% 90&+1
(/%#)%*$%, %4$%), 4"@806 / &;))+ 96. A% +&’( )%*$% &’+.+’( 10,% %4$% 90&1% 96, 10,% %4$; 0#
17 5". 90&+1 (47, 49), (46, 50), (45, 51), . . . (31, 65), 10,% ’.%B?; 90&+1 (31, 32, 33).

(b) <,2* ),1&2,4 ), 902:$ #%’,=$)&$ 30+31+32+ . . .+100, 1024$ 6$>0 2"$’ &. )$>0 )$2:045:0
24,>,$/%3 (1’& )$0;309&/02"& #/$2"$ 2 &9-?&/& 1$’$9 )&/& .),:,/&). @),6$)&$ 104-6&#-
($>02* 1024$ #%6$’:&#,)&* 6&2$4 #%’,=$)&* 0:,.,4025 ’,#)0 4522. A:045:&/& 21020;,/&
<,2* /0> 2"$’$"5 6&24, 2 902:&?

!"#$": 19.

(c) <,2* ),1&2,4 ), 902:$ #%’,=$)&$ 32+33+34+ . . .+100, 1024$ 6$>0 2"$’ &. )$>0 )$2:045:0
24,>,$/%3 (1’& )$0;309&/02"& #/$2"$ 2 &9-?&/& 1$’$9 )&/& .),:,/&). @),6$)&$ 104-6&#-
($>02* 1024$ #%6$’:&#,)&* 6&2$4 #%’,=$)&* 0:,.,4025 ’,#)0 4455. A:045:&/& 21020;,/&
<,2* /0> 2"$’$"5 6&24, 2 902:&?

!"#$": 20.
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(d) <,2* ),1&2,4 ), 902:$ #%’,=$)&$ 29+30+31+ . . .+100, 1024$ 6$>0 2"$’ &. )$>0 )$2:045:0
24,>,$/%3 (1’& )$0;309&/02"& #/$2"$ 2 &9-?&/& 1$’$9 )&/& .),:,/&). @),6$)&$ 104-6&#-
($>02* 1024$ #%6$’:&#,)&* 6&2$4 #%’,=$)&* 0:,.,4025 ’,#)0 4554. A:045:&/& 21020;,/&
<,2* /0> 2"$’$"5 6&24, 2 902:&?

!"#$": 18.

3. (a) < 02"’0->045)0/ "’$->045)&:$ a, b, c F 94&)% 2"0’0), , 𝜔, 𝜀, 𝜗 F 200"#$"2"#$))0 1’0"&-
#04$=,?&$ &/ ->4%. G,:0$ ),&;045($$ .),6$)&$ /0=$" 1’&)&/,"5 #%’,=$)&$

a
)︃
b2 + c2

[︃
cos𝜔 + b

)︃
c2 + a2

[︃
cos 𝜀 + c

)︃
a2 + b2

[︃
cos 𝜗,

$24& &.#$2")0, 6"0 abc = 2?

!"#$": 6.

%$&$’($. C,%#$"90) 4"$$%+ /-."*+$0+ #" abcS. A%34" ’.0*4- 0&5%1(#;@ ’+%.+); ?%&0$;&%/
417 0&6%4$%3% ’.+;3%1($0?" 5+.+50D+) S / &1+4;@8+) /04+:

S =
]︃
b

c
+

c

b

⌊︃
·
]︃
b
2 + c

2 → a
2

2bc

⌊︃
+
]︃
c

a
+

a

c

⌊︃
·
]︃
a
2 + c

2 → b
2

2ac

⌊︃
+
]︃
a

b
+

b

a

⌊︃
·
]︃
a
2 + b

2 → c
2

2ab

⌊︃

<")+’0), 9’% 5+./%+ 5.%0#/+4+$0+ )%*$% 5.+%,."#%/"’( &1+4;@80) %,."#%):
]︃
b

c
+

c

b

⌊︃]︃
b
2 + c

2 → a
2

2bc

⌊︃
=

1

2

]︃
b

c
+

c

b

⌊︃]︃
b

c
+

c

b
→ a

2

bc

⌊︃
=

1

2

]︃
2 +

b
2

c2
+

c
2

b2
→ a

2

c2
→ a

2

b2

⌊︃
.

=%&1+ "$"1%309$%3% 5.+%,."#%/"$07 /’%.%3% 0 ’.+’(+3% 5.%0#/+4+$07 / S 5%1;9"+), 9’% S =
1
2 · 2 · 3 = 3. =%>’%); 0&6%4$%+ /-."*+$0+ ."/$% 6.

(b) < 02"’0->045)0/ "’$->045)&:$ a, b, c F 94&)% 2"0’0), , 𝜔, 𝜀, 𝜗 F 200"#$"2"#$))0 1’0"&-
#04$=,?&$ &/ ->4%. G,:0$ ),&/$)5($$ .),6$)&$ /0=$" 1’&)&/,"5 #%’,=$)&$

a
)︃
b2 + c2

[︃
cos𝜔 + b

)︃
c2 + a2

[︃
cos 𝜀 + c

)︃
a2 + b2

[︃
cos 𝜗,

$24& &.#$2")0, 6"0 abc = 3?

!"#$": 9.

(c) < 02"’0->045)0/ "’$->045)&:$ a, b, c F 94&)% 2"0’0), , 𝜔, 𝜀, 𝜗 F 200"#$"2"#$))0 1’0"&-
#04$=,?&$ &/ ->4%. G,:0$ ),&;045($$ .),6$)&$ /0=$" 1’&)&/,"5 #%’,=$)&$

a
)︃
b2 + c2

[︃
cos𝜔 + b

)︃
c2 + a2

[︃
cos 𝜀 + c

)︃
a2 + b2

[︃
cos 𝜗,

$24& &.#$2")0, 6"0 abc = 4?

!"#$": 12.

(d) < 02"’0->045)0/ "’$->045)&:$ a, b, c F 94&)% 2"0’0), , 𝜔, 𝜀, 𝜗 F 200"#$"2"#$))0 1’0"&-
#04$=,?&$ &/ ->4%. G,:0$ ),&/$)5($$ .),6$)&$ /0=$" 1’&)&/,"5 #%’,=$)&$

a
)︃
b2 + c2

[︃
cos𝜔 + b

)︃
c2 + a2

[︃
cos 𝜀 + c

)︃
a2 + b2

[︃
cos 𝜗,

$24& &.#$2")0, 6"0 abc = 5?

!"#$": 15.

4. (a) <%6&24&"$ 140?,95 /)0=$2"#, "06$:, :00’9&),"% :0"0’%3 (x; y) -90#4$"#0’*H" )$’,#$)-
2"#- |x→ 1|+ |x+ 1|+ 2|y| ↭ 8.

!"#$": 30.
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%$&$’($. A%9?" (x, y) 1+*0’ /% )$%*+&’/+ ’%34" 0 ’%1(?% ’%34", ?%34" / $E) 1+*0’ 1@,"7
0# ’.E6 ’%9+? (x,→y), (→x, y), (→x,→y), 5%>’%); )$%*+&’/% &0))+’.09$% %’$%&0’+1($% $"9"1"
?%%.40$"’ 0 %,+06 ?%%.40$"’$-6 %&+B, " 5%>’%); 4%&’"’%9$% %5.+4+10’( ’%9?0 >’%3% )$%*+&’/"
5.0 x, y ↫ 0. : >’%) &1;9"+ $+."/+$&’/% 5.0$0)"+’ /04 2y + x + 1 + |x → 1| ↭ 8. =.0 x ↭ 1
%$% ."/$%&01($% $+."/+$&’/; y ↭ 3, " 5.0 x ↫ 1 F $+."/+$&’/; y ↭ 4 → x. =1%8"4( 9+’/+.’0
)$%*+&’/" ."/$" 3 +

1

2
3 · 3 =

15

2
, 5%>’%); 51%8"4( /&+3% )$%*+&’/" ."/$" 30.

(b) <%6&24&"$ 140?,95 /)0=$2"#, "06$:, :00’9&),"% :0"0’%3 (x; y) -90#4$"#0’*H" )$’,#$)-
2"#- |x→ 2|+ |x+ 2|+ 2|y| ↭ 8.

!"#$": 24.

(c) <%6&24&"$ 140?,95 /)0=$2"#, "06$:, :00’9&),"% :0"0’%3 (x; y) -90#4$"#0’*H" )$’,#$)-
2"#- |x→ 3|+ |x+ 3|+ 2|y| ↭ 10.

!"#$": 32.

(d) <%6&24&"$ 140?,95 /)0=$2"#, "06$:, :00’9&),"% :0"0’%3 (x; y) -90#4$"#0’*H" )$’,#$)-
2"#- |x→ 4|+ |x+ 4|+ 2|y| ↭ 10.

!"#$": 18.

5. (a) 7, 2"0’0),3 1,’,44$40>’,//, ABCD 0"/$6$)% "06:& E, F , G, H, K & L, :,: 10:,.,-
)0 ), ’&2-):$. +$"* 20$9&)&4 )$:0"0’%$ &. "06$: 0"’$.:,/& & ’,2:’,2&4 104-6$))%$
/)0>0->045)&:& # (,3/,")0/ 10’*9:$. +024$ I"0>0 0) ),1&2,4 ), #2$3 .,:’,($))%3 /)0-
>0->045)&:,3, :’0/$ 09)0>0, &3 140?,9& x1, . . . , x11. 7,89&"$ 02",#(-H2* 140?,95 x12.

y4 y3

y2
y1

x12

x11

x10

x9

x8

x7

x6
x5 x4

x3

x2x1

C

A

B

D

K
G

L

E

H

F

%$&$’($. G;))- 51%8"4+B ’.+;3%1($0?%/ SBKG + SGLA 0 SBHF + SEHC ."/$- 5%1%/0$+ 51%-
8"40 5"."11+1%3."))", %’?;4"

x1 + y1 + x2 + y2 + x3 + x4 + y3 + x5 + y4 + x6 =

= x7 + y4 + x8 + y1 + x9 + x10 + y3 + x11 + y2 + x12,

’% +&’(
x1 + x2 + x3 + x4 + x5 + x6 = x7 + x8 + x9 + x10 + x11 + x12.

(b) 7, 2"0’0),3 1,’,44$40>’,//, ABCD 0"/$6$)% "06:& E, F , G, H, K & L, :,: 10:,.,-
)0 ), ’&2-):$. +$"* 20$9&)&4 )$:0"0’%$ &. "06$: 0"’$.:,/& & ’,2:’,2&4 104-6$))%$
/)0>0->045)&:& # (,3/,")0/ 10’*9:$. +024$ I"0>0 0) ),1&2,4 ), #2$3 .,:’,($))%3 /)0-
>0->045)&:,3, :’0/$ 09)0>0, &3 140?,9&, 0:’->4J))%$ )* +*",-. 7,89&"$ 02",#(-H2*
140?,95 x, 0:’->4J))-H )* .$/*0* 1(+/2.
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3,51

1,94

x
33,95

4,73

6,74

3,69

5,23

20,55

33,01
1,51

0,95

C

A

B

D

KG

L

E

H

F

!"#$": 19.

(c) 7, 2"0’0),3 1,’,44$40>’,//, ABCD 0"/$6$)% "06:& E, F , G, H, K & L, :,: 10:,.,-
)0 ), ’&2-):$. +$"* 20$9&)&4 )$:0"0’%$ &. "06$: 0"’$.:,/& & ’,2:’,2&4 104-6$))%$
/)0>0->045)&:& # (,3/,")0/ 10’*9:$. +024$ I"0>0 0) ),1&2,4 ), #2$3 .,:’,($))%3 /)0-
>0->045)&:,3, :’0/$ 09)0>0, &3 140?,9&, 0:’->4J))%$ )* +*",-. 7,89&"$ 02",#(-H2*
140?,95 x, 0:’->4J))-H )* .$/*0* 1(+/2.

2,96

1,38

8,27
37,16

3,41

x

2,78

3,91

20,96

33,69
3,581,22

C

A

B

D

K

G

L

E

H

F

!"#$": 11.

(d) 7, 2"0’0),3 1,’,44$40>’,//, ABCD 0"/$6$)% "06:& E, F , G, H, K & L, :,: 10:,.,-
)0 ), ’&2-):$. +$"* 20$9&)&4 )$:0"0’%$ &. "06$: 0"’$.:,/& & ’,2:’,2&4 104-6$))%$
/)0>0->045)&:& # (,3/,")0/ 10’*9:$. +024$ I"0>0 0) ),1&2,4 ), #2$3 .,:’,($))%3 /)0-
>0->045)&:,3, :’0/$ 09)0>0, &3 140?,9&, 0:’->4J))%$ )* +*",-. 7,89&"$ 02",#(-H2*
140?,95 x, 0:’->4J))-H )* .$/*0* 1(+/2.

4,69

1,66

11,16
21,89

x

8,81

4,76

4,23

11,15

19,91
3,85

1,21

C

A

B

D

K

G L

E

H

F
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!"#$": 9.

(e) 7, 2"0’0),3 1,’,44$40>’,//, ABCD 0"/$6$)% "06:& E, F , G, H, K & L, :,: 10:,.,-
)0 ), ’&2-):$. +$"* 20$9&)&4 )$:0"0’%$ &. "06$: 0"’$.:,/& & ’,2:’,2&4 104-6$))%$
/)0>0->045)&:& # (,3/,")0/ 10’*9:$. +024$ I"0>0 0) ),1&2,4 ), #2$3 .,:’,($))%3 /)0-
>0->045)&:,3, :’0/$ 09)0>0, &3 140?,9&, 0:’->4J))%$ )* +*",-. 7,89&"$ 02",#(-H2*
140?,95 x, 0:’->4J))-H )* .$/*0* 1(+/2.

1,92

11,71

9,16

38,81

8,87

0,937,10

3,82

18,66

x
4,05

0,98

C

A

B

D

K

G

L

E

H

F

!"#$": 31.

6. (a) 7,89&"$ ),&;045($$ ),"-’,45)0$ k ",:0$, 6"0 6&240 64002001 → 164002 9$4&"2* ), 4k.

!"#$": 8005.

%$&$’($. 48004(54002→1) = 48004(52001→1)(52001+1). <")+’0), 9’% 52k+1 5.0 k ↫ 1 #"?"$90/"+’&7
$" 125, 5%>’%); 90&1% / 5+./%B &?%,?+ #"?"$90/"+’&7 $" 124 (0 4+10’&7 $" 22, $% $+ $" ,%1(D;@
&’+5+$( 4/%B?0), " 90&1% /% /’%.%B &?%,?+ #"?"$90/"+’&7 $" 126 0 4+10’&7 ’%1(?% $" 2 / 5+./%B
&’+5+$0. H’%3% )"?&0)"1($"7 &’+5+$( 4, $" ?%’%.;@ 4+10’&7 >’% 90&1%, +&’( 8004 + 1.

(b) 7,89&"$ ),&;045($$ ),"-’,45)0$ k ",:0$, 6"0 6&240 302034 → 62034 9$4&"2* ), 4k.

!"#$": 1018.

(c) 7,89&"$ ),&;045($$ ),"-’,45)0$ k ",:0$, 6"0 6&240 14010010 → 2810010 9$4&"2* ), 4k.

!"#$": 10011.

(d) 7,89&"$ ),&;045($$ ),"-’,45)0$ k ",:0$, 6"0 6&240 32002001 → 214007 9$4&"2* ), 4k.

!"#$": 7005.

7. (a) < 0:’-=)02"& 𝜛 1’0#$9$)% "’& 30’9% AB, AC & AD ",:, 6"0 ->4% ↬BAC & ↬DAC ’,#)%
/$=9- 20;08. 7,89&"$ 30’9- BD, $24& AB =

↑
2, AC = 3, AD = 5→

2
. !"#$" 0:’->4&"$ 90

"’$"5$>0 .),:, 1024$ .,1*"08.

!"#$": 3,300

%$&$’($. =;&’( AB = a, AC = b, AD = c, BC = x, ↬ADC = 𝜔. I0&&+?’.0&" AC 4+10’ 4;3;
BD 5%5%1"), 5%>’%);

CD = BC = x. (1)
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=% ’+%.+)+ ?%&0$;&%/ 417 ’.+;3%1($0?%/ ABC 0 ADC

⌋︃
b
2 = a

2 + x
2 → 2ax cos(𝜀 → 𝜔),

b
2 = c

2 + x
2 → 2cx cos𝜔

=↓ x =
⌈︃
b2 → ac.

C’)+’0) $" 1;9+ AB #" ’%9?; B ’%9?; K ’"?;@, 9’% BK = c. H# /50&"$$%&’0 9+’-.E6;3%1($0?"
ABCD &1+4;+’, 9’% ;31- KBC 0 ADC ."/$-, 0# >’%3% 0 0# ."/+$&’/ (1) 0 BK = AD = c

&1+4;+’, 9’% ."/$- ’.+;3%1($0?0 KBC 0 ADC. =%>’%); KC = AC = b, ’.+;3%1($0? ACK

."/$%,+4.+$$-B 0 5%4%,+$ ’.+;3%1($0?; BCD. C’&@4"

BD

AK
=

BC

AC
=↓ BD =

(a+ c)x

b
=

(a+ c)
↑
b2 → ac

b
=

7
↑
2

3
.

(b) < 0:’-=)02"& 𝜛 1’0#$9$)% "’& 30’9% AB, AC & AD ",:, 6"0 ->4% ↬BAC & ↬DAC ’,#)%
/$=9- 20;08. 7,89&"$ 30’9- BD, $24& AB =

↑
2, AC = 2, AD = 3→

2
. !"#$" 0:’->4&"$ 90

"’$"5$>0 .),:, 1024$ .,1*"08.

!"#$": 1,768

(c) < 0:’-=)02"& 𝜛 1’0#$9$)% "’& 30’9% AB, AC & AD ",:, 6"0 ->4% ↬BAC & ↬DAC ’,#)%
/$=9- 20;08. 7,89&"$ 30’9- BD, $24& $24& AB =

↑
2, AC = 4, AD = 7→

2
. !"#$" 0:’->4&"$

90 "’$"5$>0 .),:, 1024$ .,1*"08.

!"#$": 4,773

(d) < 0:’-=)02"& 𝜛 1’0#$9$)% "’& 30’9% AB, AC & AD ",:, 6"0 ->4% ↬BAC & ↬DAC ’,#)%
/$=9- 20;08. 7,89&"$ 30’9- BD, $24& $24& $24& AB = 3→

2
, AC = 5, AD = 3

↑
2. !"#$"

0:’->4&"$ 90 "’$"5$>0 .),:, 1024$ .,1*"08.

!"#$": 5,091

8. (a) +$"* .,1&2,4 ), 902:$ /)0=$2"#0 A #2$3 ),"-’,45)%3 6&2$4 0" 1 90 100. @,"$/ <,2* 94*
#2$3 )$1-2"%3 109/)0=$2"# /)0=$2"#, A ),(J4 2’$9)&$ ,’&K/$"&6$2:&$ #309*?&3 # )&3
6&2$4, 1024$ 6$>0 200;?&4 +$"$ 6&240 x F 2’$9)$$ ,’&K/$"&6$2:0$ #2$3 ),89$))%3 &/
2’$9)&3 ,’&K/$"&6$2:&3.

@,"$/ +$"* .,/$)&4 # 2#0$/ /)0=$2"#$ A 6&240 10 ), 6&240 1000, , <,2* 1$’$26&",4 "-
=$ #$4&6&)- x 94* )0#0>0 /)0=$2"#,. 7, 2:045:0 -#$4&6&4025 .),6$)&$ x?

!"#$": 9,9.

%$&$’($. <")+’0), 9’% 417 )$%*+&’/" 90&+1 {a1, . . . , a100} #$"9+$0+ x +&’( &;))" /04"

k1 · a1 + k2 · a2 + . . . k100 · a100,

’. +. ?"*4-B >1+)+$’ )$%*+&’/" 4"E’ 10$+B$-B /?1"4 / >’; /+1090$;. =.0 >’%) / &01; &0))+’.00
/&+ ?%>JJ0K0+$’- k1, . . . , k100 ."/$- %4$%); 0 ’%); *+ 90&1; k. :-90&10) k 0# ;&1%/07, 9’%
417 )$%*+&’/" {1, . . . , 100} &.+4$++ #$"9+$0+ &.+4$06 #$"9+$0B x =

101

2
(&). .+D+$0+ #"4"90 9

?1"&&"):

k · (1 + 2 + . . .+ 100) =
101

2
↓ k =

1

100
.

=%&1+ #")+$- 90&1" 10 $" 1000 /+1090$" x 0#)+$01"&( $" k · (1000→ 10) =
1000→ 10

100
= 9,9.

(b) +$"* .,1&2,4 ), 902:$ /)0=$2"#0 A #2$3 ),"-’,45)%3 6&2$4 0" 1 90 100. @,"$/ <,2* 94*
#2$3 )$1-2"%3 109/)0=$2"# /)0=$2"#, A ),(J4 2’$9)&$ ,’&K/$"&6$2:&$ #309*?&3 # )&3
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!"#$"% & ’$($)&*

6&2$4, 1024$ 6$>0 200;?&4 +$"$ 6&240 x F 2’$9)$$ ,’&K/$"&6$2:0$ #2$3 ),89$))%3 &/
2’$9)&3 ,’&K/$"&6$2:&3.

@,"$/ +$"* .,/$)&4 # 2#0$/ /)0=$2"#$ A 6&240 20 ), 6&240 2000, , <,2* 1$’$26&",4 "-
=$ #$4&6&)- x 94* )0#0>0 /)0=$2"#,. 7, 2:045:0 -#$4&6&4025 .),6$)&$ x?

!"#$": 19,8.

(c) +$"* .,1&2,4 ), 902:$ /)0=$2"#0 A #2$3 ),"-’,45)%3 6&2$4 0" 1 90 100. @,"$/ <,2* 94*
#2$3 )$1-2"%3 109/)0=$2"# /)0=$2"#, A ),(J4 2’$9)&$ ,’&K/$"&6$2:&$ #309*?&3 # )&3
6&2$4, 1024$ 6$>0 200;?&4 +$"$ 6&240 x F 2’$9)$$ ,’&K/$"&6$2:0$ #2$3 ),89$))%3 &/
2’$9)&3 ,’&K/$"&6$2:&3.

@,"$/ +$"* .,/$)&4 # 2#0$/ /)0=$2"#$ A 6&240 30 ), 6&240 1500, , <,2* 1$’$26&",4 "-
=$ #$4&6&)- x 94* )0#0>0 /)0=$2"#,. 7, 2:045:0 -#$4&6&4025 .),6$)&$ x?

!"#$": 14,7.

(d) +$"* .,1&2,4 ), 902:$ /)0=$2"#0 A #2$3 ),"-’,45)%3 6&2$4 0" 1 90 100. @,"$/ <,2* 94*
#2$3 )$1-2"%3 109/)0=$2"# /)0=$2"#, A ),(J4 2’$9)&$ ,’&K/$"&6$2:&$ #309*?&3 # )&3
6&2$4, 1024$ 6$>0 200;?&4 +$"$ 6&240 x F 2’$9)$$ ,’&K/$"&6$2:0$ #2$3 ),89$))%3 &/
2’$9)&3 ,’&K/$"&6$2:&3.

@,"$/ +$"* .,/$)&4 # 2#0$/ /)0=$2"#$ A 6&240 50 ), 6&240 5000, , <,2* 1$’$26&",4 "-
=$ #$4&6&)- x 94* )0#0>0 /)0=$2"#,. 7, 2:045:0 -#$4&6&4025 .),6$)&$ x?

!"#$": 49,5.

9. (a) < 1&’,/&9- SABC #1&2,) 1’*/08 :’->0#08 L&4&)9’ ",:, 6"0 09)0 02)0#,)&$ (2 L$)"’0/
O) 4$=&" # "’$->045)&:$ ABC, , 9’->0$ :,2,$"2* >’,)$8 SAB, SAC & SBC. <%20",
1&’,/&9% SH #9#0$ ;045($ #%20"% L&4&)9’,. +-2"5 M F >$0/$"’&6$2:0$ /$2"0 "06$:
H, , N F >$0/$"’&6$2:0$ /$2"0 "06$: O. 7,89&"$ 140?,95 M , $24& 140?,95 N ’,#), S.

!"#$": SM = 4SN .

%$&$’($. M &%4+.*0’ /&+/%#)%*$-+ 5.%+?K00 /+.D0$ S $" 51%&?%&’( ABC 417 /&+6 50."-
)04, 417 ?%’%.-6 /50&"$0+ ;?"#"$$%3% K010$4." /%#)%*$%. L17 ’%3%, 9’%,- )%*$% ,-1% /50&"’(
’"?%B K010$4. / 50.")04;, $+%,6%40)% 0 4%&’"’%9$%, 9’%,- /+.D0$" S 5.%+?’0.%/"1"&( /% /$;’-
.+$$@@ 9"&’( ’.+;3%1($0?" ABC, 5%>’%); SM = SABC . L"1++ #")+’0), 9’% 51%&?%&’( /+.6$+3%
%&$%/"$07 K010$4." 5+.+/%40’&7 / 51%&?%&’( ABC 3%)%’+’0+B & K+$’.%) S 0 ?%>JJ0K0+$’%) 2,
5.09+) /+.6$++ %&$%/"$0+ K010$4." 5.0 ;?"#"$$%B 3%)%’+’00 5+.+6%40’ /% /50&"$$;@ %?.;*-
$%&’( ’.+;3%1($0?" ABC, 5%>’%); ."40;& K010$4." ."/+$ 5%1%/0$+ ."40;&" >’%B %?.;*$%&’0.
M$%*+&’/% N &%&’%0’ 0# /&+/%#)%*$-6 5.%+?K0B K+$’.%/ /+.6$+3% %&$%/"$07 K010$4." $" 51%&-
?%&’( %&$%/"$07, ?%34" S 5.%,+3"+’ /&+/%#)%*$-+ ’%9?0, 5.%+?’0.;+)-+ /% /$;’.+$$@@ 9"&’(
’.+;3%1($0?" ABC. A%9?" 1+*0’ / N / ’%) 0 ’%1(?% ’%) &1;9"+, ?%34" %$" 1+*0’ /$;’.0 ’.+-
;3%1($0?" ABC, " ."&&’%7$0+ %’ $+E 4% 1@,%B 0# &’%.%$ $+ )+$(D+ ."40;&" K010$4.". A+) &")-)
N +&’( ’.+;3%1($0?, 5%4%,$-B ABC & ?%>JJ0K0+$’%)

1

2
, +3% 51%8"4( ."/$"

1

4
SABC .

(b) < 1&’,/&9- SABC #1&2,) 1’*/08 :’->0#08 L&4&)9’ ",:, 6"0 09)0 02)0#,)&$ (2 L$)"’0/
O) 4$=&" # "’$->045)&:$ ABC, , 9’->0$ :,2,$"2* >’,)$8 SAB, SAC & SBC. <%20",
1&’,/&9% SH #9#0$ ;045($ #%20"% L&4&)9’,. +-2"5 M F >$0/$"’&6$2:0$ /$2"0 "06$:
H, , N F >$0/$"’&6$2:0$ /$2"0 "06$: O. 7,89&"$ 140?,95 M , $24& 140?,95 N ’,#), 5.

!"#$": 20.

(c) < 1&’,/&9- SABC #1&2,) 1’*/08 :’->0#08 L&4&)9’ ",:, 6"0 09)0 02)0#,)&$ (2 L$)"’0/
O) 4$=&" # "’$->045)&:$ ABC, , 9’->0$ :,2,$"2* >’,)$8 SAB, SAC & SBC. <%20",
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!"#$"% & ’$($)&*

1&’,/&9% SH #9#0$ ;045($ #%20"% L&4&)9’,. +-2"5 M F >$0/$"’&6$2:0$ /$2"0 "06$:
H, , N F >$0/$"’&6$2:0$ /$2"0 "06$: O. 7,89&"$ 140?,95 N , $24& 140?,95 M ’,#), 10.

!"#$": 2,5.

(d) < 1&’,/&9- SABC #1&2,) 1’*/08 :’->0#08 L&4&)9’ ",:, 6"0 09)0 02)0#,)&$ (2 L$)"’0/
O) 4$=&" # "’$->045)&:$ ABC, , 9’->0$ :,2,$"2* >’,)$8 SAB, SAC & SBC. <%20",
1&’,/&9% SH #9#0$ ;045($ #%20"% L&4&)9’,. +-2"5 M F >$0/$"’&6$2:0$ /$2"0 "06$:
H, , N F >$0/$"’&6$2:0$ /$2"0 "06$: O. 7,89&"$ 140?,95 M , $24& 140?,95 N ’,#), 10.

!"#$": 40.

(e) < 1&’,/&9- SABC #1&2,) 1’*/08 :’->0#08 L&4&)9’ ",:, 6"0 09)0 02)0#,)&$ (2 L$)"’0/
O) 4$=&" # "’$->045)&:$ ABC, , 9’->0$ :,2,$"2* >’,)$8 SAB, SAC & SBC. <%20",
1&’,/&9% SH #9#0$ ;045($ #%20"% L&4&)9’,. +-2"5 M F >$0/$"’&6$2:0$ /$2"0 "06$:
H, , N F >$0/$"’&6$2:0$ /$2"0 "06$: O. 7,89&"$ 140?,95 N , $24& 140?,95 M ’,#), 16.

!"#$": 4.

10. (a) <,2* .,9,4 1024$90#,"$45)02"5 xn 24$9-H?&/ 0;’,.0/: x0 = 2, , 94* 4H;0>0 ),"-’,45)0>0
n

xn = (n4 → 2n2 + 2)

⌉︃
xn↑1

n4 → 4n3 + 4n2 + 1
+ 2

{︃
.

M$/- ’,#)0 .),6$)&$ x100?

!"#$": xn = (2n+ 1) · (n4 → 2n2 + 2), x100 = 20095980402.

%$&$’($. <")+’0), 9’% n
4→2n2+2 = (n2→1)2+1, " n

4→4n3+4n2+1 = ((n→1)2→1)2+1. G4+-
1"+) #")+$; yn =

xn

(n2 → 1)2 + 1
0 5%1;90) 417 5%&1+4%/"’+1($%&’0 yn .+?;..+$’$%+ &%%’$%D+$0+

yn = yn↑1 + 2 0 $"9"1($%+ ;&1%/0+ y0 = 1. !+D+$0+) >’%3% .+?;..+$’$%3% &%%’$%D+$07 7/17+’&7
".0J)+’09+&?"7 5.%3.+&&07 yn = 2n+ 1. A%34" xn = (2n+ 1) · (n4 → 2n2 + 2).

(b) <,2* .,9,4 1024$90#,"$45)02"5 xn 24$9-H?&/ 0;’,.0/: x0 = 5, , 94* 4H;0>0 ),"-’,45)0>0
n

xn = (n4 → 4n2 + 5) ·
⌉︃

xn↑1

n4 → 4n3 + 2n2 + 4n+ 2
+ 1

{︃
.

M$/- ’,#)0 .),6$)&$ x50?

!"#$": xn = (n+ 1)((n2 → 2)2 + 1), x50 = 318240255.

(c) <,2* .,9,4 1024$90#,"$45)02"5 xn 24$9-H?&/ 0;’,.0/: x0 = 10, , 94* 4H;0>0 ),"-’,45-
)0>0 n

xn = (n4 → 6n2 + 10) ·
⌉︃

xn↑1

n4 → 4n3 + 8n+ 5
+ 2

{︃
.

M$/- ’,#)0 .),6$)&$ x120?

!"#$": xn = (2n+ 1)((n2 → 3)2 + 1), x120 = 49952940010.

(d) <,2* .,9,4 1024$90#,"$45)02"5 xn 24$9-H?&/ 0;’,.0/: x0 = 17, , 94* 4H;0>0 ),"-’,45-
)0>0 n

xn = (n4 → 8n2 + 17) ·
⌉︃

xn↑1

n4 → 4n3 → 2n2 + 12n+ 10
+ 1

{︃
.

M$/- ’,#)0 .),6$)&$ x80?

!"#$": xn = (n+ 1)((n2 → 4)2 + 1), x80 = 3313614177.
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